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Nomenclature
B = systematic uncertainty
B = systematic uncertainty vector
B’ = correlated systematic uncertainty
b, = systematic uncertainty of an elemental error source
e; = componentof the unit precision uncertainty vector
e; = unitprecisionuncertainty vector
e, = componentof the unit systematic uncertainty vector
e, = unitsystematic uncertainty vector
i = index of a measured variable
J = index of a measured variable
k = index of an elemental error source
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Introduction

TEST data uncertainty analysis system is being developed

for NASA Ames wind tunnels. After reviewing some of the
available literature on uncertainty analysis,'~® it was decided to
implement Meyn’s® uncertainty propagation methodology in the
uncertainty analysis system. His methodology is mathematically
identical with the traditional methodology that is recommended in
the AIAA Standard' on wind-tunnel test data uncertainty analysis.
Meyn’s approach,however, makes complex uncertainty correlations
between measurementseasier to understandas no covariance matrix
is needed.

In the first part of this Technical Note, a new derivationof Meyn’s
uncertainty propagation law is presented. Then, it is shown how
Meyn’s vectorapproachcan be extended to precisionuncertaintyes-
timates. Issues related to the numerical calculation of partial deriva-
tives are also discussed. Finally, key elements of the proposed un-
certainty analysis algorithm are summarized.

Estimate of Uncertainty

In most practical applications a resultis given by a datareduction
equation of the type

r=r(x,...,xXy) (D)

where xy, ..., xy are measured variables. The square of the total un-
certainty of the resultequals the sum of the squares of the systematic
and precision uncertainties. Then, we get®

U?(r) = B%(r) + P2(r) )

where B(r) is the systematic uncertainty and P(r) is the precision
uncertainty of the result.

Systematic Uncertainty

In general, using the traditional uncertainty analysis methodol-
ogy, the systematic uncertainty B(r) of a result is given by the
following formula®:

al or : ) = o oo
B= | (50) Ben+2) Y0 ——Bux)
i l J

i=1 i=1j=i+1
(3a)
M
BX(x) = Y bBA(x,) (3b)
k=1
M
B'(xi.x) = Y b(x)bi(x)) (3¢)

k=1

where the systematicuncertainty B (x;) and the correlatedsystematic
uncertainty B'(x;, x;) of a measured variable x; are a function of
uncertainties b; (x;) of elemental error sources.
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Coleman and Steele? define variable M in Egs. (3b) and (3c) as
the number of elemental error sources that are common for mea-
sured variables x; and x;. However, Eq. (3a) still remains valid if a
more general definition of M is used. Variable M can also be de-
fined as the total number of elemental error sources of all measured
variablesxy, ..., xy assuming that uncertainty b (x;) equals zero if
x; is independent of elemental error source k.

In a recent paper Meyn® introduced a new uncertainty propaga-
tionmethodologythat can be appliedto the calculationof systematic
uncertainties. His methodology is mathematically identical with the
traditional methodology. However, it greatly simplifies the investi-
gation of systematicuncertaintiesas no covariancematrix is needed.

Meyn uses a vector approach to modeling uncertainty propaga-
tion. His uncertainty propagationlaw can be derived from the tradi-
tional uncertainty methodology by rewriting Eq. (3a) in a form that
uses the Kronecker delta. The Kronecker delta is defined as

1 if i=j
3[] = . . ,
0 if i #] 4)

Then, we get for the square of Eq. (3a) the expression [see Ref. 1,
Eq. (2-A-15)]

BZ(r)=Z< ) B (x)+ZZ(1 ——B(x“ X))
i=1 i=1j=1
&)
Combining Egs. (3b) and (3c) with Eq. (5), we get
Bz<r)=2( ) szm
i=1
+ ZZ(I ) e o Zbko@)b;{(x,) ©)

i=1j=1
The Kronecker delta can also be used to rewrite the first double
summation in Eq. (6). The following identity holds for the first
double summation:

N
Z( ) Zlﬂ(m—zz Vo aa’ Zbko@)bk(x,

i=1 i=1j=1

7
Combining Eqgs. (6) and (7), we get
Y& or oJr
Bz(r)z;;&j 2%, B, Zbk(x )by (x;)
+ Z Z(l T Zbku )i (x;) ®)

i=1j=1

Simplifying the right-hand side of Eq. (8), we get

B%):ZZ or o Zbku Ybu(x)) ©)

i=1j=

Partial derivativesin Eq. (9) do notdepend on summationindexk.
Therefore, it is possible to move the summation over k in front of
the summations over i and j. We get

ar 0
B (r) = ZZZ—’—’bJ{(xl)bk(x,) (10)
k=1i=1 j=1

The second and third summationin Eq. (10) can be written as the
product of two summations. Then, we get

Zzia—bux i)

i=1j=1

i=1 j=1

or
aijk(xj):| (1)
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‘We also know that summations on the right-hand side of Eq. (11)
only differ in the summation index. Therefore, we get

u ar u ar
; Tt = ; 3 ) (12)

Combining Eq. (11) and Eq. (12), we get

ar or X9 ’
ZZ . bk<x)bk<x)—[za—;bk<x[)} (13)

i=1j=1 i=1
Combining Eq. (13) with Eq. (10), we get the formula
< X or ’
B*(r) = —b (x; 14
@) ; ;ax[ NEA) (14)

Finally, after taking the square root on both sides of Eq. (14), we
get for the systematic uncertainty of the result:

N oor ’ N ar ’
Bry= || D g=bi) | | Do a=buta) [ (19)

i=1 i=1

Meyn interpretsEq. (15) as the Euclideannorm* of the systematic
uncertainty vector B(r) of the resultassuming that a unit uncertainty
vector ¢; for each independent error source 1 <k <M exists. He
writes the systematic uncertainty vector of the result as

M [ N
ar
B(r) = —b(x;) | - 16
@) ;[2 o )} e (16a)
where components of the unit uncertainty vector are defined as

for E=k and
for E#£k and

l<é=<M

1
eE) = {0 1<&<M (16b)

Switching the order of summation in Eq. (16a), we get

B(r) = ZZ—MX) e a7

i=1 k=1

Partial derivatives of the result are independent of summation
index k and therefore can be moved in between both summations.
Then, we get

B(r) =Z me) e (18)

i=1 k=1

Meyn interprets the second summation in Eq. (18) as the sys-
tematic uncertainty vector B(x;) of a measured variable x; that lies
in the vector space defined by the set of unit uncertainty vectors

ey, ...,ey [seeRef. 3, Eqs. (6) and (7)]. Thus, we can write
by (x;)
M
by (x;)
B) =) bix)-e=| . (19)

. LbM .(xz)J

Finally, combining Eqs. (18) and (19), we get Meyn’s uncertainty
propagation law

by(r)

ek by (r)
Br)=) o= B =] . (20)

- LbM.(V)J
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The systematic uncertainty of the result can now be computed by
simply taking the Euclidean norm of the uncertainty vector B(r).
Then, we get

B(r) = Bt = VD2(r) + -+ B2(r) + -+ b2,(r)  (21a)

N
0
bi(r) = ) == by, I<k=M  (QIb)

i=1

Meyn’s methodology [Eqgs. (21a) and (21b)] uses equations that
are much simpler than equations used in the mathematically iden-
tical traditional methodology [Eqs. (3a-3c)]. No covariance matrix
is needed in Meyn’s approach, which makes complex uncertainty
correlations much easier to understand.

Precision Uncertainty

A precision uncertainty vector can be defined by extending
Meyn’s originalideato precisionuncertainties.In general,assuming
that precision uncertainties are not correlated we get the following
formula’:

2 2
or ar
P(V)Z\/[BTP(XI)} +--+ [BTP(XN)} (22)
1 N

Equation (22), similar to Eq. (15), can be interpreted as the
Euclidean norm of a precision uncertainty vector P(r) assuming
that a unit uncertainty vector e; for each independent measurement
1 <i < N exists. Components of e; may be defined as

W 1 for n=i and 1<u<N
€; = .
=10 for  pu#i and 1<p<N (23
The precision uncertainty vector can then be defined as
pi(r)

p2(r)

LpN:(r)J

The precision uncertainty of the result can now be computed by
simply taking the Euclidean norm of the precisionuncertainty vector
P(r). Then, we get

XS or
P(r)=) —P(x) €=

5 ax;
i=1

(24)

Pr) = PO =/ P2)+ -+ P2(r) + -+ pL(r)  (252)

ar
pi(r) = 8_ - P(x;),
Xi

1<i<N (25b)
Total Uncertainty

Finally, after taking the square root on both sides of Eq. (2)
and substituting the systematic and precision uncertainty by us-
ing Eqgs. (21a) and (25a), we get the following formula for the total
uncertainty of the result:

U(r) =+ IBMOII* + IP()]? (26)

Partial derivativesof theresultr(x, .. ., xy) withrespectto mea-
sured variables x|, . .., xy are needed in order to estimate test data
uncertainty. The calculation of these derivatives has to be fast, ac-
curate, and reliable in order to meet requirements of an automated
near—time uncertaintyanalysis system for wind-tunneltest data. The
forward/backward difference formula can be used to determine par-
tial derivatives. The forward difference approximation of the partial
derivative, for example, is given as

or r(..,x+Ax,..)—=r(.., x,...)
Bx[ Ax

27

The forward/backward difference formula is fast as only one ad-
ditional calculation of the result for each independent variable has

to be performed. Studies, however, show that the accuracy of the
forward/backward difference formula is influenced by the round-
off error in the step size Ax. The step size Ax has to be selected
such that x; and x; £ Ax differ by an exactly representable number.
An optimal choice for the step size Ax exists that is given by the
formula’®

Ax ~ - Ae (28)

The absolute value of the measured variable itself, that is, |x;[, is
often a good choice for the characteristicscale. However, numerical
difficulties arise if |x;| is close to zero. Then, a fraction of the range
R; of the measured variable x; should be used (e.g., 1%). Finally,
the determination of the characteristic scale can be summarized in
the formula

A = max[|x;|; R; x 0.01] 29)

The relative machine precision at run time can be computed using
the algorithm given in Ref. 4. This algorithm computes an approxi-
mate value for the smallest quantity such that (1 +¢) > 1 in floating
point arithmetic.

Numerical studies performed by the author have shown that the
forward/backward difference formula in combination with the au-
tomatically determined optimum step size provides a sufficiently
accurate approximation of the partial derivative for the purpose of
estimating wind-tunnel test data uncertainty.

Uncertainty Analysis Algorithm

Key elements of an uncertainty analysis algorithm for wind-
tunnel test data were developed in the preceding section. The al-
gorithm can be summarized as follows:

1) Determine partial derivatives dr/dx;,...,dr/dxy of the
result r(x;,...,xy) using the forward/backward difference
formula.

2) Determine components of systematic uncertainty vectors
B(x,), ..., B(xy) for each measured variable x,, ..., xy.

3) Determine components of the systematic uncertainty vector
B(r) by applying Meyn’s uncertainty propagation law.

4) Determine componentsof the precisionuncertainty vector P(r)
using partial derivativesand precisionuncertainty estimates for each
measured variable x1, ..., xy.

5) Determine the total uncertainty U (r) of the result by taking the
square root of the sum of the squares of the Euclidean norm of the
systematic uncertainty vector B(r) and of the precision uncertainty
vector P(r).

Summary

Meyn’s uncertainty analysis methodology was selected for the
uncertainty analysis algorithm of NASA Ames wind tunnels. His
approach greatly simplifies the calculation of the systematic uncer-
tainty of a result as it is easier to understand than the mathematically
identical traditional methodology. A new derivation of Meyn’s un-
certainty propagationlaw was presentedin order to gain confidence
in his methodology. In addition, Meyn’s vector approach was ex-
tended to the calculation of the precision uncertainty of a result
in order to have a consistent set of equations for the uncertainty
analysis of test data.

The successful application of an uncertainty analysis algorithm
depends on the ability to determine partial derivatives of a result
with sufficientaccuracy and reliability. Therefore, the author imple-
mented the forward/backward difference formula in combination
with an automatically determined optimum step size in the uncer-
tainty analysis algorithm of NASA Ames wind tunnels.
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Rapid Scanning of Overheat Ratios
Using a Constant Voltage Anemometer
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HE requirementsoflargebandwidth and high spatialresolution

have resulted in thermal hot-wire anemometry being the most
widely used tool for the measurement of freestream and boundary-
layer/shear-layer fluctuations in high-speed flows. When there is
also a need to derive the fluctuations in terms of gas dynamic pa-
rameters, this measurementtask is more challengingbecause the hot
wire has a mixed mode response to both mass flux and total tem-
perature and the hot wire must be operated at multiple overheats.
Furthermore, as most high-speed facilities have relatively short run
times, it is highly desirable that these multiple overheats are ac-
complished within a single run to ensure accuracy in the measured
data. The two common modes of operating the hot-wire are the
constant-currentanemometer (CCA) and the constant-temperature
anemometer (CTA). More recently the constantvoltage anemometer
(CVA) has been introduced by Sarma.! In comparison to the CCA
and CTA, the CVA’s advantages include larger bandwidths, lower
electronic noise, and higher sensitivity. The CVA-operated hot wire
has been used to characterizethe evolution of the transitionalhyper-
sonicboundary-layerdisturbancesby Lachowiczet al.? and Doggett
etal.® The fluctuationsin a turbulentsupersonicboundarylayerhave
also been documented using the CVA by Comte-Bellot and Sarma*
and Weiss et al.’

Walker et al.5 demonstrated the rapid scanning of multiple over-
heats in a CTA to resolve the mass flux and total temperature fluctu-
ations in a supersonic flow. The overheat was stepped through eight
operating temperatures at a rate of 10 ms/temperature; the temper-
ature was increased from step to step. More recently, Weiss et al.”
described the application of a CTA with automatic rapid scanning
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to measure at six overheats over a test time of 120 ms; the scanning
was demonstrated for decreasing values of the overheats. The rapid
scanning of multiple overheats using a CTA operation is however
problematic because of the coupled frequency response and over-
heat behavior in the CTA. The frequency response of the CTA can
be inferred from the following equation®:

MCTA = Mwire/(l + 2awaG) (1)

where a,, and R, are the overheat and resistance of the hot wire,
respectively, G is the transconductance of the CTA, and Mcr, and
M. arethe time constantsof the CTA and the hot wire, respectively.
The CTA bridge can be balanced for an optimum bandwidth for
only one overheat; thus, when the bridge is adjusted at the lowest
overheat, the bridge becomes unstable at higher overheats. On the
other hand, when the bridge is balanced at the highest overheat, its
bandwidth decreases with decreasing overheat, Eq. (1).” Thus with
the rapid scanning of multiple overheatsin a CTA, the measurements
are either obtained over a small range of overheats or with different
bandwidths at each overheat.

The CVA is a second-order system, whose expressions for the
hardware time constant 7, natural frequency w,, damping ratio ¢,
and bandwidth BW are given in Sarma et al.’:

R, 2 R
_“ﬂ_f’ 1+_2
R, T. Ry

(L Ry Roonfi( R
t=3 (TC’LZ”f’Rd)/\/RZ T (1+Rd>
BW = o,/ (1~ 2% + /g — 457 42 2)

where f, is the gain bandwidth of the operational amplifier in the
CVA circuit (Fig. 1) and

_ CR,R,

T,
R,

’ a)n =

1/R, = 1/(R, + Ry) + 1/R,

Sarma'? has theoretically shown, and Kegerise and Spina'! have
experimentally established, that the bandwidth of the CVA does
not change with overheat. This constant bandwidth feature of the
CVA coupled with its demonstrated attributes of large bandwidth,
low electronic noise, and high sensitivity make it extremely attrac-
tive for obtaining calibrated measurements in short-run-time, high-
speed facilities. In all of the aforementioned CVA applications >~
continuous running high-speed facilities were used. In the present
Note we demonstrate the application of the CVA in a short-run-time
supersonic wind-tunnel facility.

The associated circuit of the Tao Systems® Model VC-01 CVA
used in the present work is shown in Fig. 1. The wire voltage V,, is
givenin Ref. 10 as

Vw = (Rp/RDV; 3)

In the present work a programmable Wavetek® arbitrary waveform
generator is used to vary V| (and thus V,, and a,,) in six stepped in-
crements with a duration of 20-ms/wire voltage (Fig. 2). A Nicolet®

Ra
ANV

RF Vw Ra Rp

Rw C
V1 l
R4

Fig. 1 Compensated CVA circuit (from Ref. 10).



